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PLURIPOLARITY OF GRAPHS OF DENJOY QUASIANALYTIC FUNCTIONS OF SEVERAL
VARIABLES
S.A. Imomkulov, Z.Sh. Ibragimov
Abstract
In this paper we prove pluripolarity of graphs of Denjoy quasianalytic functions of several variables on the
spanning set
T
n
= {z ∈ Cn : |z1| = |z2| = ... = |zn| = 1}.
Quasianalytic functions have become the subject of many investigations in recent years due to their applications
in pluripotential theory and multidimensional complex analysis. The graphs of quasianalytic functions are closely
related to pluripolar sets, which are the main objects of pluripotential theory. Such relations were studied by
several authors (e.g. J.E. Fornass, K. Diederich [1,2], N. Shcherbina [6], T. Edlund, B. Joricke [4], D. Coman, N.
Levenberg, E. Poletsky [5], A. Edigarian, J. Wiegerinck [3] and others).
It is easy to show that if f ∈ A[a, b], then its graph
Γf = {(x, f(x)) ∈ C
2 : x ∈ [a, b]}
is pluripolar set in C2. In [1] J.E. Fornass and K. Diederich constructed an example of a C∞ function f with
nonpluripolar graph in C2. Recently, D. Coman, N. Levenberg and E. Poletsky [5] have proved that the graph of
Denjoy quasianalytic functions is pluripolar in C2, i.e. if f : T → C, T = {|z| = 1} Denjoy quasianalytic function,
then its graph pluripolar in C2.
In this work we consider Denjoy quasianalytic functions of several variables on the spanning set
T n = {z ∈ Cn : |z1| = |z2| = ... = |zn| = 1}.
Let Mj be a sequence of positive numbers. We denote by CMj (T
n) the class of infinity differentiable functions
f ∈ C∞(T n) satisfying the condition
Mj(f) ≤ R
jMj,
where R depends on f . The class CMj (T
n) is called the class of Denjoy quasianalytic functions if for any two
functions f, g ∈ CMj (T
n) the condition
f (α)(z0) = g(α)(z0), α ∈ Zn+,
at some point z0 ∈ T n implies that
f(z) ≡ g(z).
Definition. A function f ∈ C∞(T n) is called Denjoy quasianalytic if the class CMj(f)(T
n) is the class of
Denjoy quasianalytic functions.
1
According to Carleman’s theorem [7], a function f ∈ C∞(T n) is Denjoy quasianalytic if and only if
∞∫
1
ln τf (r)
r2
dr = −∞,
where
τf (r) = inf
j≥0
Mj(f)
rj
.
Let f : T n → C be infinity differentiable function with multiple Fourier series:
f(eiθ) =
∑
k∈Zn
cke
ikθ, (1)
where
k = (k1, k2, ...., kn), kj ∈ Z, j = 1, 2, ..., n, θ = (θ1, θ2, ...., θn), 0 ≤ θj ≤ 2pi,
j = 1, 2, ..., n, eikθ = eik1θ1eik2θ2 · · · eiknθn .
We consider L2 - norm of partial derivatives:
1
(2pi)n
2pi∫
0
2pi∫
0
· · ·
2pi∫
0
∣∣∣f˜ (α)(θ)∣∣∣2 dθ = ∑
k∈Zn\{k: kp=0, αp 6=0}
k2α |ck|
2
≤M2j (f), |α| = j, (2)
where α = (α1, α2, ...., αn) ∈ Z
n
+, k
2α = k2α11 k
2α2
2 ....k
2αn
n ; if kp = αp = 0, we let k
2αp
p = 1, 1 ≤ p ≤ n.
Theorem. Let f : T n → C be a Denjoy quasianalytic function. Then its graph Γf pluripolar in C
n+1.
First, we will prove following proposition.
Proposition. Let f(z) ∈ C∞(T n) be a function such that
lim
m→∞
m
1
n+1 ln tm =∞, (3)
where
ln tm = inf{−
ln r3τf (r)
nr
: 1 ≤ r ≤ m}. (4)
Then its graph Γf - pluripolar.
Proof. Let f(z) ∈ C∞(T n) be infinity differentiable function with Fourier expansion
f(eiθ) =
∑
k∈Zn
cke
ikθ.
We consider the following rational function corresponding to Fourier expansion of f :
Lm(f ; z) =
m−1∑
r=0
∑
β∈Λ
am,rz
β1r
1 z
β2r
2 ...z
βnr
n , m = 1, 2, .... (5)
where
2
am,r =
∑
l∈Zn
+
∑
β∈Λ
cβr+mβl, (6)
Λ = {β = (β1, β2, ..., βn) : βj = ±1, j = 1, 2, ..., n} ,
βr = (β1r, β2r, ..., βnr) , mβl = (mβ1l1,mβ2l2, ...,mβnln).
According to (2) we have the following estimates for the Foureir coefficients:
|ck| ≤
Mj(f)
|k1|
α1 |k2|
α2 · · · |kn|
αn , |k| ≥ 1, α : |α| = j ≥ 2n. (7)
αp = 0 if kp = 0 and αp ≥ 2 if kp 6= 0, p = 1, 2, ...., n; (if kp = αp = 0, we let |kp|
αp = 1).
According to (7) the series
∑
k∈Zn
|ck| is convergent and, consequently, the series (6) converges absolutely.
Now we will construct an interpolation trigonometric polynomial {Lm(f ; z
0; z)}, m ∈ Z+, where z
0 = eiθ0 some
fixed point from T n and z = eiθ is an arbitrary point from T n:
Lm(f ; z
0; z) = Lm(f ; z) +
zm1 + z
m
2 + ...+ z
m
n − n
(z01)
m + (z02)
m + ...+ (z0n)
m − n
(f(z0)− Lm(f, z
0)).
Here
Lm(f ; z
0; z(l)) = f(z(l)),
where
z(l) = (e
2piil1
m , e
2piil2
m , ..., e
2piiln
m ),
l ∈ Jm =
{
l = (l1, l2, ..., ln) ∈ Z
n
+, 1 ≤ lp ≤ m
}
. The number of such points on T n are equal mn. In case
(z01)
m + (z02)
m + ... + (z0n)
m = n, the value of Lm(f ; z
0; z) is defined as Lm(f ; z
0; z) = Lm(f ; z). The function
Lm(f ; z
0; z) interpolates f at the points z0, z(l), l ∈ Jm.
Now we show that there exists a constant Cf , which depends on f , such that for each m ≥ 1, z
0 ∈ T n and
t > 1 we have
∣∣Lm(f ; z0; z)∣∣ ≤ Cf (1 +
m∑
r=1
rτf (r)t
nr) (8)
for all z: 1t ≤ |zp| ≤ t, p = 1, 2, ..., n. In fact, according to inequality (7) we have
|am,r| ≤
∑
l∈Zn+
∑
β∈Λ
|cβr+mβl| ≤ 2
nMj(f)
∑
l∈Zn+
1
|r +ml1|
α1 |r +ml2|
α2 ... |r +mln|
αn ≤
4nMj(f)
rj
,
where α = (α1, α2, ..., αn) : |α| = j ≥ 2n, αp = 0 if r + mlp = 0 and αp ≥ 2 if kp 6= 0, p = 1, 2, ..., n. If
r +mlp = αp = 0, we let |r +mlp|
αp = 1.
By the definition of τf (r) there is a number r0(f) such that for all r > r0(f) we have
τf (r) = min{M0(f),
M1(f)
r ,
M2(f)
r2 , ...,
M2n(f)
r2n , infj≥2n+1
Mj(f)
rj } = infj≥2n+1
Mj(f)
rj .
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Hence there is a constant C1(f) such that |am,r| ≤ C1(f)τf (r) and
|Lm(f, z)| ≤ C1(f)(1 +
m−1∑
r=1
τf (r)t
nr) (9)
for all z = (z1, z2, ...., zn) :
1
t ≤ |zp| ≤ t, p = 1, 2, ..., n.
Now we estimate following expression on T n:
f(z0)− L(f ; z0)
(z01)
m + (z02)
m + ...+ (z0n)
m − n
.
It is easy to show that
∣∣∣∣ (z
0
1)
mβ1l1(z02)
mβ2l2 ....(z0n)
mβnln − 1
(z01)
m + (z02)
m + ...+ (z0n)
m − n
∣∣∣∣ ≤ |l| , ∀z0 ∈ T n, β ∈ Λ, ∀l ∈ Zn+.
Moreover, the expansion (1) can be rewritten as follows:
f(z0) =
n∑
k∈Z
(ck(z
0))k =
∑
l∈Zn
+
m−1∑
r=0
∑
β∈Λ
(
cβr+mβe(z
0)
)βr+mβe
.
From here, using (7) at |α| = j ≥ 3n, we obtain
∣∣∣∣ f(z
0)− L(f ; z0)
(z01)
m + (z02)
m + ...+ (z0n)
m − n
∣∣∣∣ ≤
≤
∣∣∣∣∣∣
∑
l∈Zn
+
m−1∑
r=0
∑
β∈Λ
cβr+mβl
(z01)
β1r+mβ1l(z02)
β2r+mβ2l...(z0n)
βnr+mβnl
(z01)
m + (z02)
m + ...+ (z0n)
m − n
∣∣∣∣∣∣ ≤
≤
∑
l∈Zn
+
m−1∑
r=0
∑
β∈Λ
|l| |cβr+mβe| ≤ 2
nMj(f)
∑
l∈Zn
+
m−1∑
r=0
|l|
|r +ml1|
α1 |r +ml2|
α2 ... |r +mln|
αn .
Consequently,
∣∣∣ f(z0)−Lm(f ;z0)(z01)m+(z02)m+...+(z0n)m−n
∣∣∣ ≤ 2n ·m ·Mj(f) ∑
l∈Zn
+
|l|
mj lα ≤4
n · n ·m
Mj(f)
mj , j ≥ 3n ,
where α = (α1, α2, ..., αn) : |α| = j ≥ 3n, αp = 0 if r + mlp = 0 and αp ≥ 3 if kp 6= 0, p = 1, 2, ..., n. If
r +mlp = αp = 0, we let
|r +mlp|
αp = 1.
By the definition of τf (r) there is a number m0 = m0(f) such that for any m > m0 we have τf (m) = inf
j≥3n+1
Mj(f)
mj .
Consequently, at z : |zp| < t, (t > 1), p = 1, 2, ..., n we obtain
∣∣∣ zm1 +zm2 +...+zmn −n(z01)m+(z02)m+...+(z0n)m−n (f(z0)− Lm(f, z0))
∣∣∣ ≤ 2 · 4n · n2 ·mτf (m)tm, m > m0.
Hence there is some constant C2(f) such that
∣∣∣∣ z
m
1 + z
m
2 + ...+ z
m
n − n
(z01)
m + (z02)
m + ...+ (z0n)
m − n
(f(z0)− Lm(f, z
0))
∣∣∣∣ ≤ C2(f)(1 +mτf (m)tm),
4
∀z0 ∈ T n, ∀z : |zp| < t, p = 1, n, ∀m ≥ 1 (10)
From inequalities (9) and (10) we obtain inequality (8). Using formula (4) we define following sequence tm:
tm = min{
1
(r3τf (r))1/nr
: 1 ≤ r ≤ m}.
Clearly, the sequence tm is decreasing and according to (3) we also have tm > 1 for all m. Moreover,
r3τf (r)t
nr
m ≤ 1 for all r ≤ m. If z = (z1, z2, ..., zn) :
1
tm
≤ |zp| ≤ tm, p = 1, 2, ..., n, then inequality (9) implies
that ∣∣Lm(f ; z0; z)∣∣ ≤ Cf (1 +
m∑
r=1
r3τf (r)t
nr
m
r2
) ≤ Cf (1 +
m∑
r=1
1
r2
) ≤ 3Cf .
Thus, we have defined a mapping
Fm(z) = (z, Lm(f ; z
0; z))
in a domain
D(tm) = {z ∈ C
n : 1tm ≤ |zp| ≤ tm, p = 1, 2, ..., n},
whose image (along with graph of function f) belongs to some ball B(0, Rf ) from C
n+1 centered at the origin and
with radius Rf for any m ∈ N, z
0 ∈ T n. Moreover it has following properties:
1) Fm(z
(l)) = (z(l), f(z(l))) ∈ Γf , z
(l) = (e
2piil1
m , e
2piil2
m , ..., e
2piiln
m ), l ∈ Jm;
2) Fm(z
0) = (z0, f(z0)) ∈ Γf , z
0 ∈ T n.
According to the hypothesis of the proposition we have
lim
m→∞
m
1
n+1 ln tm = +∞.
From the sequence m
1
n+1 ln tm we can choose a subsequence which tends to infinity.Without loss of generality we
can assume that
lim
m→∞
m
1
n+1 ln tm = +∞.
Next, we consider weighted multipole Green’s functions Gm(w) in a ball B(0, 2Rf) with poles w
(l) = (z(l), f(z(l))) ,
l ∈ Jm and with weight m
−
n
n+1 at each pole (see [8], [9]):
Gm(w) = sup {u(w) ∈ psh(B(0, 2Rf)) : u(w) ≤ 0,
u(w)−m
−
n
n+1 ln
∣∣w − w(l)∣∣ = O(1), w → w(l), l ∈ Jm
}
and (ddcGm(w))
n+1 = 0 onB(0, 2Rf )\
{
w(l), l ∈ Jm
}
, Gm(w) = 0 on ∂B(0, 2Rf), Gm(w)−m
−
n
n+1 ln
∣∣w − w(l)∣∣ =
O(1), w → w(l), l ∈ Jm. Moreover,
(ddcGm)
n+1 = (2pi)n+1
∑
l∈Jm
m−nδw(l) ,
where δw(l) is the Dirac mass at w
(l). From here we obtain that
∫
B(0,2Rf )
(ddcGm(w))
n+1
= (2pi)n+1.
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We consider following plurisubharmonic function in a domain D(tm):
um(z) = Gm(Fm(z)),
which at a point z0 ∈ T n takes on the value Gm(w
0) = Gm(z
0, f(z0)) and at a point z(l), l ∈ Jm, has poles with
weights m
−
n
n+1 .
Let g(λ) be the Green’s function on a ring
Um =
{
λ ∈ C :
1
tmm
< |λ| < tmm
}
which at a point λ = 1 has a pole with weight 1, such that
sup
|λ|=1
g(λ) ≤ Cg log t
m
m,
where Cg is some negative constant (existence of such a Green function is proved in [5]).
Let
V (z1, z2, ..., zn) = max
1≤j≤n
g(zj), (z1, z2, ..., zn) ∈ D(t
m
m).
Then V (z1, z2, ..., zn) is a maximal plurisubharmonic function with a single pole at a point a = (1, 1, ..., 1) ∈ T
n.
The function V (zm1 , z
m
2 , ..., z
m
n ) is also maximal plurisubharmonic function with poles at points z
(l), l ∈ Jm. Then
for all z ∈ D(tm) we have the inequality
um(z) ≤ m
−
n
n+1V (zm1 , z
m
2 , ..., z
m
n ).
We note that tmm → +∞ and, consequently, t
m
m > 2 for sufficiently large m. From here we obtain
Gm(z
0, f(z0)) = um(z
0) ≤ C ·m
−
n
n+1 ln tmm = C ·m
1−
n
n+1 ln tm,
where C < 0. Thus,
lim
m→∞
Gm(z
0, f(z0)) = −∞, z0 ∈ T n.
That is, Γf is pluripolar, which completes the proof of the proposition.
Proof of the theorem. Let f(z) ∈ C∞(T n) be a Denjoy quasianalytic function. We note that the graph of
the function f is pluripolar if and only if the graph of cf is pluripolar, where c 6= 0 is a constant. Multiplying f by
a small constant we can assume that our smooth function f satisfies the inequality
M3(f) <
1
2
.
Let
τ˜f (r) = inf
s≥3
Ms(f)
rs−3
= inf
s≥0
Ms+3(f)
rs
<
1
2
(11)
be the associated function for the shifted sequence
{
M˜s
}
= {Ms+3(f)}. Setting
6
ln θf (m) = min
{
−
ln τ˜f (r)
nr
: 1 ≤ r ≤ m
}
, (12)
we obtain
ln tm ≥ ln θf (m) > 0. (13)
From the definition of τf (r) we have
r3τf (r) = min
{
M0(f)r
3, M1(f)r
2, M2(f)r, inf
s≥3
Ms(f)
rs−3
}
= τ˜f (r)
for all r > r0(f) ≥ 0. We will show that
lim
m→∞
m
1
n+1 ln θf (m) =∞. (14)
To show this we use the following lemma from [5].
Lemma. Let h˜(s) = h(es) - positive, increasing, convex function of variable s on [0;∞) and let
H˜(s) = min
{
h˜(s)e−s : 0 ≤ s ≤ x
}
.
If H˜(x) ≤ Ce−αx, 0 < α < 1, for all x ≥ 0, then
∞∫
0
h˜(s)e−sds =
∞∫
1
h(t)
t2
dt <∞.
Suppose that condition (14) does not hold, that is,
lim
m→∞
m
1
n+1 ln θf (m) ≤ C <∞.
Let h(t) = − ln τ˜s(t) and h˜(s) = h(e
s). We have
H(t) = ln θf (t) = min
{
h(r)
nr : 1 ≤ r ≤ t
}
.
It follows that H(m) < C/m
1
n+1 for each positive m. Since H is decreasing, we have H(x) ≤ 2C/x
1
n+1 for all x.
Computations yield
H˜(x) = min
{
h˜(s)e−s : 0 ≤ s ≤ x
}
= H(ex), H(x) < 2Ce
−
x
n+1 , ∀x ≥ 0.
According to (12) we have h(t) = − ln τ˜s(t) > 0 and using the lemma we have
∞∫
1
h(t)
t2
dt <∞.
On the other hand, we have r3τf (r) = τ˜f (r) for all r > r0(f) ≥ 0 and the function f is a Denjoy quasianalytic
function. Then according to Carleman’s theorem we have
∞∫
1
− ln τ˜f (r)
r2
dr =
∞∫
1
−3 ln r
r2
dr +
∞∫
1
− ln τf (r)
r2
dr =+∞,
7
which is a required contradiction. Therefore, the function f satisfies condition (14) and, consequently, it also
satisfies condition (3). Thus, any Denjoy quasianalytic function satisfies the conditions of the proposition. It
follows that Γf is pluripolar. The proof of the theorem is complete.
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